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Abstract. We consider the supercritical problem 

—Am = |«|*'~^ u in f2, u = on dQ, 

where H is a bounded smooth domain in R^, N >3, and p > 2* := ■ 

Bahri and Goron showed that if Q has nontrivial homology this problem 
has a positive solution for p = 2*. However, this is not enough to guarantee 
existence in the supercritical case. For p > ^^^Z^'' Passaseo exhibited do- 
mains carrying one nontrivial homology class in which no nontrivial solution 
exists. Here we give examples of domains whose homology becomes richer as 
p increases. More precisely, we show that for p > with 1 < < TV - 3 

there are bounded smooth domains in whose cup-length is fc -|- 1 in which 
this problem does not have a nontrivial solution. 

For A'^ = 4, 8, 16 we show that there are many domains, arising from the 
Hopf fibrations, in which the problem has a prescribed number of solutions for 
some particular supercritical exponents. 

Key WORDS: Nonlinear elliptic problem; supercritical exponents; existence 
and nonexistence. 
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1. Introduction 

We consider the problem 

(pp) 



—Au=\u\^ u in i7, 



ti = on (90, 

where $7 is a bounded smooth domain in M^, iV > 3, and p > 2*, where 2* := 
is the critical Sobolev exponent. 

It is well known that the existence of a solution depends on the domain. Po- 
hozhaev's identity [23] implies that ( jp^ does not have a nontrivial solution if Q, 
is strictly starshaped. On the other hand, Kazdan and Warner [T3] showed that 
infinitely many radial solutions exist if £7 is an annulus. 

For p — 2* a. remarkable result obtained by Bahri and Coron !3] establishes 
the existence of at least one positive solution to problem (p2*) in every domain VL 
having nontrivial reduced homology with Z/2-cocfRcicnts. Multiplicity results are 
also available, either for domains which are small perturbations of a given one, as 
in [13) . or for domains which have enough, but possibly finite, symmetries, as in 
[?]■ A more detailed discussion may be found in these papers. 
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Unlike the critical case, in the supercritical case the existence of a nontrivial 
cohoniology class in ft does not guarantee the existence of a nontrivial solution to 
problem In fact, for each 1 < fc < A^ — 3, Passaseo [Ulll^ exhibited domains 

having the homotopy type of a fc-dimensional sphere S*^ in which problem ( [p^ 
does not have a nontrivial solution for any p > 2^ j. :— ^3jri^. We call 2^ f. the 
(fc + l)-st critical exponent. It is the critical exponent for the Sobolev embedding 
H'^{R^^'') ^ Nonexistence of bounded positive solutions for p > 2^ ^, 

in a thin enough tubular neighborhood of a fc-dimensional submanifold of M.^ was 
recently shown in |17) . 

The first nontrivial existence result for p > 2* was obtained by del Pino, Felmer 
and Musso [S] in the slightly supercritical case, i.e. for p > 2* but close enough 
to 2*. This case was also considered in [111121] where multiplicity was established. 
In [11] existence was established in a domain with a small enough hole for a.e. 
p > 2*, whereas in [5] [17] solutions of a particular type were constructed in a 
tubular neighborhood of fixed radius of an expanding manifold for every p. The 
problem for p slightly below the second critical exponent was considered in [lOj 
where solutions foi p — 2^ — e concentrating at a boundary geodesic as e — have 
been constructed in certain domains. Quite recently, positive and sign changing 
solutions for p — 2*^ — e which concentrate at fc-dimensional submanifolds of the 
boundary as e — ?> were exhibited in [I], while in [T5 positive and sign changing 
solutions for p large which concentrate at [N ~ 2)-dimensional submanifolds of the 
boundary as p — >■ +oo have been constructed. 

In a recent work Wei and Yan [26 exhibited domains in which problem ( [p^ 
has infinitely many positive solutions for p = 2^ j,. They considered domains fl of 
the form 

(1.1) n {(y, z) e M^'+i X M^-'^-i : {\y\ , z) G 9}, 

where 9 is a bounded smooth domain in K^^''" with 9 C (0, oo) x M.^^*^^^ which 
satisfies certain geometric assumptions. 

For domains of this type we give a geometric condition which guarantees nonex- 
istence. 

Definition 1.1. We shall say that 9 is doubly starshaped with respect to R x {0} 
if there exist two numbers < to < ti such that t € (^9,^1) for every (t, z) G 9 and 
9 is strictly starshaped with respect to i^o '■— {to,0) and to ^1 :— {ti,0), i.e. 

for each i = 0, 1, where vsi^) is the outward pointing unit normal to 99 at x. 

For Q, as in (jl.ll) and K G C^(il) we consider the problem 

o\ / = K{y,z)\u\^~'^ u in 17, 

^ ' ' \ u = Q ondn. 

We assume K to be strictly positive on Q and radially symmetric in y, i.e. K{y, z) = 
K{\y\ , z). We prove the following result. 

Theorem 1.2. //9 is doubly starshaped with respect to and if {y, dyK{y, z)) < 

and {z, dzK{y, z)) < for all (y, z) G fi, then problem (jl.2p does not have a non- 
trivial solution for p > 2^^ and has infinitely many solutions for p G (2,2^^), 
where < k < N - 3. 
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The domains in Passaseo's examples [HI [20] are defined as in (jl.ip with Q being 
a baU centered at some point (t, 0), which is obviously doubly starshaped with 
respect to M x {0} . We stress that it is not enough for Q to be strictly starshaped to 
guarantee nonexistence: the domains considered by Wei and Yan [26 are obtained 
from a domain Q which is not doubly starshaped with respect to M x {0}, but which 
may be chosen to be strictly starshaped. 

The domains in Passaseo's examples [191 EO], as well as those in Theorem 11.21 
have the homotopy type of S*^ . One may ask whether there are examples of domains 
having a richer topology for which a similar nonexistence result holds true. We prove 
the following result. 

Theorem 1.3. Given k = ki + ■ ■ ■ + with ki E N and k < N — 3, and e > 

there exists a bounded smooth domain f2 in M.^ , which has the homotopy type of 
S''! X ••• X S*^™, in which problem ( jp^ does not have a nontrivial solution for 
P ^ 2^ A: + £ ^'^^ f'-'^-s infinitely many solutions for p S (2, 2^ j,). 

In particular, if we take all ki = 1, the domain f2 is homotopy equivalent to the 
product of k circles. So not only the homology of is nontrivial but there are 
k different cohomology classes in whose cup-product is the generator of 

H''{Q; Z). Hence, the cup- length of equals A: -I- 1. 

We also obtain an existence result for a different type of domains, arising from 
the Hopf fibrations. We are specifically interested in the cases where iV = 4, 8, 16. In 
these cases E^= K X K, where K is either the complex numbers C, the quaternions 
EI or the Cayley numbers O. The set of units Sk := {C G IK : \(\ = 1}, which 
is a group if K = C or H and a quasigroup with unit if K = O, acts on by 
multiplication on each coordinate, i.e. C(^i7^2) ■— (C^i7C^2)- The orbit space of 
with respect to this action turns out to be ]RdimK+i projection onto 

the orbit space is the Hopf map 7r:R^ = ]KxK^KxM = RdimK+i gi^g^ 

Tr{zi,Z2) := (2zrz2, \zi\^ - \z2\'^). 

We consider domains of the form ft — Tr^^{U) where J7 is a bounded smooth 
domain in iJdimK+i^ assume that U is invariant under the action of some closed 
subgroup G of the group 0(dimK -I- 1) of linear isometrics of ijdimK+i denote 
by Gx := {gx : g e G} the G-orbit of a point x e M^^'^^^+i and by #Gx its 
cardinality. Recall that U is called G-invariant if Gx C U for all x U, and a 
function u : U — >■ M is called G-invariant if u is constant on every Gx. 

Fix a closed subgroup F of 0(dimK -I- 1) and a nonempty F-invariant bounded 
smooth domain D in RdimK-i-i g^^]^ ^j-^g^^ #Fa; = oo for all a: G Z?. We prove the 
following result. 

Theorem 1.4. There exists an increasing sequence (im) of positive real numbers, 
depending only on F and D, with the following property: If U contains D and if it 
is invariant under the action of a closed subgroup GofT for which 

dimK-l 

min {#Gx) \x\ ^ > C 

holds, then, for p — 2^ problem (jp^ has at least m pairs of solutions 

±ui, . . . , ztum in il :— Tr~^{U), which are constant on tt~^{Gx) for each x ^ U. In 
particular, they are SK-invariant. Moreover, ui is positive and U2, ■ ■ ■ ,Um change 
sign. 
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For example, we may fix a bounded smooth domain Dq in with Dg C (0, oo) x 

M and set 

D := {{z,t) e K X M : {\z\,t) G Do}. 

Then D is invariant under the action of the group F := Sc of unit complex numbers 
on K X R given by e'%z,t) := (e^^z,t). If G„ := {e^'^*'^/" : fc = 0, ...,n- 1} is the 
cyclic subgroup of F of order n, then #G'„a; — n for every a; G (K \ {0}) x R. 
Therefore, for every Gn-invariant bounded smooth domain ?7 in IK x R with 

D C L/ C (K \ {0}) x R and n\xf^^^^ > l^, 

Theorem 11.41 yields at least m pairs of solutions to problem (jp^ in Q, :— 7r^^(t/) 
forP = 2^,dimK-i- 

In contrast to (26!, where multiplicity is established using Lyapunov-Schmidt 
reduction, the proof of the Theorem 11.41 uses variational methods. It is based on 
the following result. 

Proposition 1.5. Let = 2, 4, 8, 16, U he a hounded smooth domain in RdimK+i 
which does not contain the origin, a G R, and / : R ^> R. If v solves 



2W 

V = on U, 



(1.3) 

then u :— V o n is a solution of 

.s J ~Au + au = f{u) in n := Tr~^ {U), 

^ ' \ u = ondQ, 

where it : M.^ — > RdimK+i Hopf map. Conversely, if u is an S^-invariant 

solution of (jl.4p and u — v o tt^ then v solves ([TT 



For iV = 4 this result was proved by Ruf and Srikanth in [21] by direct com- 
putation. Here we derive it from the theory of harmonic morphisms (see section 

12). 

Theorem 11.31 does not apply to the case p G [2^^.,2^^ +e). So the question 
remains open whether there are examples of domains having the homotopy type of 
a product of spheres for which nonexistence holds true for all p > 2^ j.. We give a 
partial answer as follows. 

Theorem 1.6. Let N = 4,8, 16. Then there exist hounded smooth domains r2„ in 
R^ = K X K, which have the homotopy type of x §" if I < n < ^^-^ and 

N —2 

o/S~2— if n ~ 0, such that prohlem ( jp^ does not have a nontrivial ^^-invariant 
solution for p > 2^ f, and has infinitely many SK-invariant solutions for p < 2^ ^, 
where k := ^^'^ + n. 

The question remains open as to whether for such domains other solutions exist, 
which are not §K-iiivariant, particularly for p > 2^ ^. 

This paper is organized as follows: in Section [2] we present the basic notions and 
results of the theory of harmonic morphisms and prove Proposition 11.51 Section [3] 
is devoted to proving Theorem ll.4l Theorems 1 1 . 2 [ [T751 and [TT^ are proved in Section 

SI 
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2. Harmonic morphisms 

We recall some basic notions and give examples of harmonic morphisms. A 
detailed discusion is given e.g. in [H [T^ [?7] . 

Let (M, 0) and {N, f)) be Riemannian manifolds of dimensions m and n respec- 
tively. A smooth map t: : M ^ N is called horizontally weakly conformal if for 
each a; G Af at which diTx the differential diTx : T^M — > Tt^[x)N is surjective 
and horizontally conformal, i.e. there exists a number \{x) ^ such that 

^{Att-^X, Att-^Y) = \^{x)q{X, Y) for all X, F e T^M, 

where M denotes the orthogonal complement of ker (dTTj,) . Defining A(a;) = if 
A'Kx = we obtain a function A : M — [0, 00) called the dilation of n. It is given 
by A^(a;) = '^"^"'^ , where IdTr^;! is the Hilbert-Schmidt norm of dTTj.. Hence, it is a 
smooth function. 

If TT has no critical points (i.e. dTr^ 7^ for all x e M) then it is called a conformal 
submersion. If A = 1 then n : M ^ N is a, Riemannian submersion. Note that, 
if the dilation is constant and non-zero, then tt is a Riemannian submersion up 
to scale, i.e. it is a Riemannian submersion after a suitable homothetic change of 
metric on the domain or codomain. 

The tension field t{t:) of a smooth map n : M ^ N is defined as 

t{tt) := TracCgVdTT. 

Thus, t{tt) is a vector field along tt, i.e. a section of the pullback bundle tt^-^TN. 
In charts, 

TW = fl*^(Va,d^)(a,), 



that is, 



\dx^dxO dx^^^P^^ 
= - Amtt^ + Q''T^^T:t^l , 1 < 7 < n, 

where Aj\/ is the Laplace-Bertrami operator on AI (with the customary sign con- 
vention of Riemannian geometry) and Vf^ ^ and ^ are the ChristofFel symbols of 
M and N respectively. The map tt : M — > iV is called harmonic if T{n) = 0. If, in 
addition, tt is horizontally weakly conformal, then tt is called a harmonic morphism. 
The main property of harmonic morphisms is the following one. 

Proposition 2.1. A smooth map tt : M N is a harmonic morphism with dilation 
A iff 

Am(w o tt) = A^ [(Anv) o tt] 
for each smooth function v : V ^ M defined on an open subset V of N with 

_Proo/. See Pi Proposition 4.2.3]. □ 

Corollary 2.2. Let t: : M N be a harmonic morphism with dilation A, a : V ^ 
M be a function defined on an open subset V of N with Tr^^{V) 7^ 0, and / : R — R. 
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Assume there exists ^ : V ^ {0, oo) such that o tt = on tt ^ {V). If v : V 
solves 

(2.1) ANV + ^v = ^f{v), 

then u := V o TT : Tr^^(V) M solves 

(2.2) Amu + {aoTT)u ^ f{u). 

Conversely, if tt : Tr^^{V) —> V is surjective and v : V ^ R is such that u :— von : 
TT~^iV) R solves (1^ then v solves (^1^ . 

Proof. This follows easily from Proposition □ 

Next we give some examples of harmonic morphisms. 

Proposition 2.3. Let n : M ^ N be a Riemannian submersion. Then -k is a 
harmonic map iff each fiber 7r^^(y) is a minimal submanifold of M (i.e. the mean 
curvature of 'K~^{y) in M is zero). 

Proof See [E, (1.12)]. □ 

Consequently, harmonic morphisms with constant non-zero dilation are simply 
Riemannian submersions with minimal fibres, up to scale. Some interesting exam- 
ples are the Hopf fibrations. 

Example 2.4. The Hopf fibrations S" -> MP", S2"+i CP", S'*"+3 HP" and 
— >■ are Riemannian submersions (up to scale) with totally geodesic, and so 
minimal, fibres, see [4} Examples 2.4.14-17]. 

Example 2.5. The Hopf fibration S^"+^ — ^ CP" factors through the double cov- 
ering — > RP^"+-'^ to give a Riemannian submersion M.P'^"^^ CP" with 
totally geodesic fibres. Similarly, one obtains a Riemannian submersion CP'^"^^ — > 
HP" with totally geodesic fibres. 

The main example for our purposes is the following one. 

Example 2.6. The Hopf maps 7r:M^=KxK^KxM = RdimK+i g-^^^ ^ 

7r(zi,Z2) := (2zrz2, l^i]^ - 1^21^), 
with K = R, C, H, or O respectively, are harmonic morphisms f4', Corollary 5.3.3] 

with dilation \{x, y) — \J 2(|a;|^ + |y|^). Their restrictions to the unit sphere are 
the Hopf fibrations of Example 12.41 with n — 1. A simple computation shows that 
k(a;, y)\ = \x\'^ + \y\^ ■ Hence, X^ix, y) = 2 \Tr{x, y)\ . 

Proof of Proposition II. 5i Apply Corollarv l2.2l to Example 12.61 □ 

3. Existence 
Proposition 11.51 suggests considering the problem 

iP*u) 



-Aw = K{x) \v\^ ^ V in U, 



V — on U, 

where ?7 is a bounded smooth domain in R*^, K G C*'(R*^) is strictly positive on 
U and 2* := -^^2 is Sobolev's critical exponent. We assume that U and K are 
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G-invariant for some closed subgroup G of 0{M). Then, the principle of symmetric 



criticality [18] asserts that the G-invariant solutions of problem ( ) are the critical 
points of the restriction of the functional 



2* 



to the space of G-invariant functions 

Hl{U)^ := {v e Hl{U) : v{gx) = v{x) for all 5 G G, x e U}. 

We shall say that J satisfies the Palais-Smale condition (PS)'^ in Hq{U) if every 
sequence («„) such that 

contains a convergent subsequence. Let S be the best Sobolev constant for the 
embedding ^^'^(RAf) ^ L'^''{R^''). The following result was proved in [SI Corollary 
2]. 

Proposition 3.1. J satisfies condition {PS)'^ in Hq{U) for every 

( . #Gx \ 1 ,,,/2 

c< mm -77^ ■ 

\xeuK{x)^ J M 

In particular, if #Ga; = 00 for all x G U, then J satisfies condition (PS)^ in 
Hq{U) for every c G R. 

Fix a closed subgroup F of 0{M) and a nonempty F-invariant bounded smooth 
domain D in M.^ such that #ra; = 00 for all x € D. Then, the following holds. 

Theorem 3.2. Assume that K is T-invariant. Then, there exists an increasing 
sequence {£m) of positive real numbers, depending only on F, D and K, with the 
following property: if U contains D and if it is invariant under the action of a 
closed subgroup GofV for which 

. #Gx 



xdU K{x)- 



holds, then problem ( ] has at least m pairs of G-invariant solutions ±ui, . . . , 
such that vi is positive, V2, ■ ■ ■ , Vm change sign, and 

< IkS^'"^ for every fc = 1, . . . ,m. 

Proof. For K ~ 1 this was proved in [3 Theorem 1]. The proof for general K 
goes through with minor modifications. We sketch it here for the reader's conve- 
nience. Let Vi{D) be the set of all nonempty F-invariant bounded smooth domains 
contained in D, and define 

Vk{D) := {{Di, . . ., Dk) : A e Vi{D), A n ^ - if z j}. 

Note that Vk{D) ^ for every fc G N. Since #Fa: = 00 for all x ^ Di, Proposition 
13. II allows to apply the mountain pass theorem [5] to obtain a nontrivial least energy 
F-invariant solution cojj. to problem (pjj ). Extending ujOi by zero outside Di we 
have that G ifo(fi)'^ and 

(3.1) J{lu£).) = m.axJ{tLU£).). 
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We define 

Cfe :=inf |x:J(wdJ : and 4 (^1:5^^2^ c^. 

Note that ci — J{ujd) > and that J(a;£). ) > ci. Therefore, 

k 

Ck-l + Ci < J^Ji^D,) 
1=1 

for every (Z^i, . . ., Dk) G fc > 2. It follows that 

Ck-i + ci < Cfe and 4-i + < 4- 

Let TO G N and let f2 be a bounded smooth domain containing D, which is invariant 
under the action of a closed subgroup G of F for which 

(3.2) min > 

holds. Given e e (0,ci) with + e < I min^g^- — j ) j^S^^"^, we choose 
{Di,.. ., D,n) e V„i{D) such that 

m 

Cm < I] -'"('^dJ < Cm + e. 
1=1 

For each fc = 1, . . . , to, let Wk be the subspace of i?Q (ri)*^ generated by {ujdi, ■■■ ,^^Dk} 
and d/c := sup^^^^ J. Then, dimT4^fc = fc and identity p.ip implies that 

4 = sup J < E J(c.z.J < fmin-f^") 

Then, by Proposition 13.11 J satisfies (PS)^ in ffQ(ri) for all c < dfe, so the 
mountain pass theorem yields a positive critical point Vi € i?Q(r2)*^ of J 
such that J(wi) < di, and Theorem 3.7 in [S], conveniently adapted to the func- 
tional we are considering here, yields to — 1 pairs of sign changing critical points 
±V2, . . • , ±Wto e H^{fl)'^ such that 

J{vk) < c?fe for every fc = 2, . . . , m. 

The proof that may be chosen so that J{uk) < for every fc = 1, . . . , m, follows 
just as in [7]. □ 

Proof of Theorem 11.41 This follows from Theorem 13.21 and Proposition 11.51 

□ 

4. Nonexistence 

Fix fci , . . . , fcm G N U {0} with fc := fci + -- - + fcm < A^ — 3 and a bounded smooth 
domain 6 in R^"*^ with 6 C (0,00)™ x R^-'^-™. Set 
(4.1) 

n ;= {(?/\...,2/'",z) e M'^'i+i X ••■ X M'^"+^ X R^-*^-™ : (|yi | , . . . , |y™| , z) e 8}. 

Let G 0(fci + 1) x • • • x 0(fc„i + 1). We think of G as a subgroup of 0{N) acting 
on E^-'i+i X • • • X R'=™+i X RN-k-m ^j^g obvious way, i.e. 

(4.2) (51, . . . , <?m)(y\ . . . , 2/", z) := (3iy\ . . . , 5™y™, ^) 
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for gi e 0{h + 1), e M'^'+i, z e M^-'^-™. Then VL is G-invariant. For K e C"(r2) 
we consider the problem 

-/\u — K{x)\uf u mil, 
u — on dfl. 



(4.3) 



Proposition 4.1. //-fC is positive and G-invariant in and < k < N — 3, then 
problem (|4.3p has infinitely many G-invariant solutions for p G (2,2^^,). 

Proof. A G-invariant function u{y^ , . . . , y™, z) — v{\y^ | i ■ • • i Ij/™! j z) solves prob- 
lem (|4.3p if and only if v solves 

-A^;-^— ^ =if(a;)|w|P-2„ in 6, v = on 99. 

2 — 1 

This problem can be rewritten as 

(4.4) - div{a{x)Vv) ^ Q{x)\v\P~^v in 6, w = on 96, 

where a{xi, . . . , XN-k) ■= a^i^ • • • a^Jir ^^.d Q{x) :~ a{x)K{x). Note that both a and 
Q are continuous and strictly positive in Q. Hence, the norms 

\ 1/2 / . X 1/p 

a(x)|VH'j and \v\q^^:= ( / Q(x) It;^ 

are equivalent to those of Hl{Q) and U'{Q) respectively. Since Hq{Q) is compactly 
embedded in L^(8) for p < 2^_j,, the functional 

satisfies the Palais-Smale condition. It clearly satisfies all other hypotheses of the 
symmetric mountain pass theorem [2]. Hence, it has an unbounded sequence of 
critical values. The critical values of J are the solutions of (|4.4p . □ 

Next, fix Ti, . . . , T,„ £ (0, oo), and let ipi be the solution to the problem 

<f'S)t + + l)ip^{t) = 1, te{0,<x), 

Explicitly, ipi{t) — [l — ■ ^ote that ipi is strictly increasing in (0, oo). 

For ^ we define 

(4.5) x{y\ • . • , y™, ^) {M\y'\)y\ • ■ • , ^^d^Dy", 

Lemma 4.2. % /las f/ie following properties: 

(a) divx — N — k, 

(b) (dx(2/\ . . . , y", ^) K] ,0 < max {1 - fci(^i(|2/i|), . . . , 1 - fc„^„(|2/™|), l} |^|' 
/or every y' £ R'^'+i \ {0}, z £ R^^'^-™, ^ e 

Proo/. (a) Write = {yl,..., y^^+i). Then, 



divx(y\...,2/'",^) = E 



1=1 



j=i \y'\ 

(b) X is G-equivariant for the G-action defined in (|4.2p . that is, 

x{9y,z) = 9x{y,z) 



-\-N-k-m = A^'-fc. 
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for every g e G, y ^ (y\...,?/™), € M'^^'+i \ {0}, z G R^-''-"\ Therefore, 
9 o dx(y, z) = dxigy, z)og and, hence, 

(dx (y, z) K] , = (5 (dx (y, [CD , 50 - (dx {gv, z) [gS] , g^) 

for all C G M^. Thus, it suffices to show that the inequality (b) holds for = 
(yj, 0, . . . , 0) with y\ > 0. Set Xiiv^) ■= ^i{\y^\)y^- ^ straightforward computation 
shows that, for such y*, dxi(j/*) is a diagonal matrix whose diagonal entries are 
an = 1 - kiipi{y{) and ajj = '^i(yl) for j = 2, . . . , fc^ + 1. Since ipi{t) < -^-^ for aU 
t G (0,oo), (b) follows. ' □ 

Proof of Theorem 11.21 The variational identity (4) in Pucci and Serrin's 
paper [22. implies that, if w G C^{n)nC^{7i) is a solution of and x e CHn,R^), 
then 

1 



2 



|Vu|^ {X,vn)da = I (divx) 



an 



P 2 



da; 



(4.6) + - / (X, Vif ) + / (dx [Vu] , Vu) 

where is the outward pointing unit normal to dfl. Take x to be the vector field 
defined in ()4.5p form = l,0<fc<iV — 3 and ti = to as in Definition 11.11 that is, 

X(y, z) := iipi\y\)y, z), {y, z) e (m'^+i \ {0}) x R^-'^-' 
with (^(i) = -fc^ [1 - (t)*"^^] • Then, by Lemma 

(4.7) divx = N -k. 

Note that, since (p{t) > for t G (to, oo) and \y\ > to if (y, z) G we have that 

(4.8) (x(2/,z), Vif(y,z)) = ^(|2/|) {y,dyK{y, z)) + {z,d,K{y, z)) < V(y, z) G ft. 
Moreover, since 1 — k(p{t) < 1 for t G {to, oo), Lemma H^l yields 

(4.9) {dx{x)[i],0<\^\^ VxGl^, eeK^. 
We claim that 

(4.10) {x{x),Mx))>o yxedn\{g^o,9^i:geOik + i)}. 

Since fl is 0{k + l)-invariant, is 0{k + l)-equi variant. Thus, it suffices to show 
that 

(4.11) {{ip{t)t,z),i^e{t,z)) >0 foran(t,z)Gae\{eo,a}, 

where i>Q{t, z) is the outward pointing unit normal to dO at {t,z) which we write 
as iyB{t,z) = {vi{t,z),V2{t,z)) G R x R^-'^-i. Let {t,z) G dQ. Since 6 is doubly 
starshaped we have that 

{t-t{)vi{t,z) + {z,V2{t,z))>Q if (t,z) ^ (t„0), for ^ = 0,1, 

with to,ti as in Definition ll.il Therefore, 

{{ip{t)t, Z), VQ{t, Z)) = ip{t)tVl{t, Z) + (Z, V2{t, Z)) > {ip{t)t - t + t,)vi{t, Z). 

Set ip{t) := (p{t)t ~ t. Note that ip'{t) = -kip{t) < if t > to- So, since t G (to,ti) 
for every {t, z) G Q, we have that 

ip{ti)ti -ti = ^p{ti) < i,{t) < ij{to) = -to V(t, z) G de. 
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If z/i(t,z) < 0, then 

{{^{t)t, z),i^e{t, z)) > {^{t) + tQ)vi{t, z) > 
and if vi{t^ z) > 0, then 

{{ip{t)t, z), veit, z)) > {xP{t) + ti)vi{t, z) > ip{ti)hvi{t, z) > 0. 
This proves (HT1|) . 

Combining properties (|4Jl) . (|48)) . (|49l) and (|4.10p with identity (|46t gives 



0< / (divx) 



(7V-fc)(i-i 



K\u\P--\Vu 
P ^ 

1 



Vwl da; 



AT 



IVmI da; 



which impHcs that p < 2*^ j, if u 7^ 0. 

Proposition 14. II vields infinitely many solutions for p < 2^ ^. 



□ 

Proof of Theorem \lM Choose a e (1, ^) with 2^ ^ + e > ■^■^j^- Fix 
Ti, . . . , Tm S (0, 00) and, for the given fci, . . . , fcm, define % as in (14. Sp . Let < g < 
be defined by 



e 



W-fc 



max{l - kiipi{Ti -£»),...,!- fc„i(i9r„(Tm - £»)} = a, 

' (r) be the ball of radius g centered at r = (ti , . . . , , 0) in 



X 

gw-fc-m ^ defined as in gj]). Then 17 has the homotopy type of S''! x 
• • • X S*^™. Moreover, Lemma [4.21 asserts that 

(4.12) divx = N -k and (dx (x) [f] , < « Va; £ 12, f 6 M^. 

Since ^Pi{t) < if t < and <y5i(i) > if i > we have that, for all but a finite 
number of points (a;, z) £ 90, 

™ 2 

. . . ,Lpr,^{Xm)Xm,z), VQ{t,z)) = Vi{xi)Xi{Xi - Ti) + \z\ > 0. 

i=l 

Hence, 

(4.13) (x,J^o) > a.e. on dfl. 

Combining properties (|4.12p and (|4.13p with identity (|4.6p for i^T = 1 we obtain 



< 



(divx) 
{N - k) 



- \< 
P 

1 1 

p'2 



dx + a iVul da; 



N -k 



IVmI da; 



which implies that p < f}_f^_2a 5:2^^+eifu^0. Consequently, problem ( jp^ 
does not have a nontrivial solution in il for p > 2^ + e, whereas Proposition 14.11 



yields infinitely many solutions for p < 2 



□ 



Proof of Theorem 11.61 For < n < dimK — 2, let 8„ be a bounded smooth 



+1 with e„ c (0, oo) 



domain in 

with respect to M x {0}. Define Ua := Oq and 



pdim K- 



which is doubly starshaped 



Un {{y,z) e 



pn+1 



T)dim K- 



:(lj/|,z)ee„}c 



pdimK+1 
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if n > 1. Theorem 1 1 . 2 1 assert s that problem 

-Ai) = bT"^ V in Un, V = on dUn, 
2 \x\ 

has infinitely many solutions for p < 'i'^i^^^i „ and no nontrivial solutions for 
P ^ ^. Hence, Proposition 11.51 implies that problem 

—Alt — \u\^~'^ u in Q,n '■= TT^^iUn), u — on diln, 

has infinitely many §K-iiivariant solutions if p < 2^ and does not have a nontrivial 
§K-iiivariant solution if p > 2^ f^, where k := dim IK — 1 + n. 

Finally, since the restriction of the Hopf map tt : \ {0} ^ RdimK+i ^ |q| ^ 
fibration and [/„ is contractible in RdimK+i ^ |q|^ ^-^^ domain f2„ is fiber homotopy 
equivalent to Sk x Un [SSI Chap. 2, Sec. 8, Theorem 14]. Hence, it has the homotopy 
type of Sk x §" if n > 1 and of §k if ^^ = 0. □ 
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